In this paper, we propose an implementation method for a new concept of stochastic duration which can be used to measure the sensitivity of complex bond portfolios with respect to the fluctuations of the yield surface. Our approach relies on a first order approximation of a chaos expansion in the direction of the yield surface, whose dynamics is described by the Musiela equation. Using the latter technique, we obtain an infinite-dimensional generalization of the classical Macaulay duration, which can be interpreted as the derivative of a first order approximation of a Taylor series on locally convex spaces.
Introduction
Asset and liability management (ALM) is the financial risk management of insurance companies, banks and any financial institution. The latter comprises risk assessment in all directions, e.g. policy setting, structuring of the bank's or insurance's repricing and maturity schedules, selecting financial hedge positions, capital budgeting, and internal measurements of profitability. Further, it pertains to contingency planning in the sense that the financial institution has to analyze the impact of unexpected changes (e.g. interest rates, competitive conditions, economic growth or liquidity) and how it will react to those changes.
Portfolios managed e.g. by pension funds are usually of high complexity and stochastically depend on the entire term structure of interest rates ( ) 
Here the filtration { } 0
, L H H denotes the space of Hilbert-Schmidt operators from H into itself.
A crucial aspect of asset liability management is the measurement of the sensitivity and risk analysis of bond portfolios with respect to the stochastic fluctuation of the yield surface. A widely spread method in banks and insurances to measure changes of bond portfolio values with respect to the stochastic fluctuation of the yield surface is the concept of modified duration which was introduced by Macaulay in 1938 [2] . The definition of this concept however is based on the first order Taylor expansion approximation of bond values and requires the unrealistic assumption of parallel shifts of (piecewise) flat interest rates dynamically in time. The latter approach, but also other techniques based on fair prices of interest rate derivatives (see e.g. [3] ), are therefore not suitable for complex hedging portfolios of bonds, since the portfolio weights with respect to the hedged positions usually depend on the whole term structure of interest rates and hence are time-dependent functionals of the (stochastic) yield surface. In order to overcome this problem, one could use the concept of stochastic duration in [4] to measure the yield surface sensitivity of bond portfolios. Here the stochastic duration, which can be considered a generalization of the classical duration of Macaulay, is defined as a Malliavin derivative in the direction of the (centered) forward curve , 0
in the Musiela Equation (1) under a certain change of measure and conditions on the filtration { } 0
Since the concept of stochastic duration, which enables a more accurate interest rate management and which could be e.g. used to devise new premium calculation principles for life insurance policies with "stochastic" technical interest rates, it is necessary to develop numerical methods or approximation schemes for its estimation.
In this paper we aim at proposing a numerical approach to estimate the stochastic duration in [4] in the more general setting of mild solutions to (1.1) by using a first order chaos expansion approximation of bond portfolio values as functionals of the forward curve , 0 t f t T ≤ ≤ . This idea is in line with the classical Macaulay definition of duration and corresponds to a first order Taylor series approximation on locally convex spaces in infinite dimensions (see e.g. [5] ). This approximation may be also compared to the approach of Jamshidian [6] with respect to the stochastic modeling of large multi-currency portfolios by means of a Gaussian distribution as an application of the central limit theorem. In this context it is worth mentioning that the second order chaos expansion approximation of the bond portfolio value, which gives a more realistic portfolio modeling and which we don't consider in this paper, actually corresponds to the application of a non-central limit theorem (see [7] ).
Furthermore, using the above techniques we want to generalize the concept of immunization strategies for bond portfolios as introduced in [8] to the case of non-flat stochastic interest rates.
The paper is organized as follows:
In Section 2 we pass in review some basic facts from infinite dimensional interest rate modeling and Malliavin calculus for Gaussian fields. Moreover, adopting the ideas in [4] we introduce the concept of stochastic duration in the setting of mild solutions to (1.1).
Finally, in Section 3 we want to discuss an implemention method for the estimation of stochastic duration and the concept of portfolio immunization strategies.
Framework
We recall in this section some mathematical preliminaries.
Consider the SPDE
where A is the generator of a strongly continuous semigroup , 0
is a cylindrical Wiener process in H on a filtered probability space
We need the following concept of solution to (2.1).
3) for all t T 
for a constant K < ∞ , then there exists a unique mild solution , 0
for a constant p C < ∞ . In the sequel, we choose H to be the following weighted Sobolev space w H (see [1] 
is a Hilbert space with the inner product
The space w H H = exhibits the following important properties which we want to use throughout the paper: 1) The evaluation functional ( )
is a continuous linear functional.
2) The integration functional
is the generator of the strongly continuous semigroup given by the left shift operator :
In what follows, we assume that
In order to rule out arbitrage opportunities, we shall also require that the drift coefficient α in (2.1) satisfies the following generalized Heath-Jarrow-Morton (HJM) no-arbitrage condition (see [1] ): 
becomes a centered Gaussian random field in time t and time-to-maturity X ⋅ under r. We shall also assume the following condition. There exists a unique strong solution , 0
The latter condition in connection with the properties of the left shift operator t S and the diffusion coefficient σ actually ascertains that the filtrations generated by W ⋅ and f ⋅ coincide. Using the above conditions, we can now introduce the concept of stochastic duration as a Malliavin derivative with respect to the centered forward curve ˆt f .
Malliavin Calculus for Gaussian Fields
We now define the Skorohod integral and Malliavin derivative with respect to the Gaussian process t X , according to [10] . Let { } I is an isometry of ( ) 
and we have (see [10] ):
In this case we say that G is Malliavin differentiable, and we call t D G the Malliavin derivative of G, with respect to the Gaussian process , 0 
, then DG exists and the limit in (2.4) coincides with ( )
. The probability measures µ and ν are equivalent. Therefore we may interpret DG for a portfolio value G at time T as a sensitivity measure with respect to the stochastic non-linear shifts of the (centered) yield surface.
We may also be interested to derive an estimate of the instantaneous movement of the portfolio value as a "directional derivative" given by the scalar product , .
K DG η
By substituting different curves for η we may get an overview of the effects on the portfolio of the various possible outcomes of the short-term movements of interest rates at different parts of the maturity spectrum. This method exhibits a radically increased degree of flexibility as compared to the classical method of Hull and White, where one was restricted to the study of flat or piecewise-flat interest rates, and the dependence on time-to-maturity was not taken into account. In the next Section, we will describe a method of estimating the stochastic duration from market data, and then extend to our setting the method of Hull and White [8] of constructing immunization strategies, which facilitate the reduction of interest-rate related risk by dynamically rebalancing the portfolio with instruments which counteract the interest-rate sensitivity measured by duration. 
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